This paper presents an analytical investigation on the effects of shear stress and compressive stress gradient on the distortional buckling of cold-formed steel channel-and zed-section beams subjected to uniformly distributed transverse load. The study is performed by using the principle of minimum potential energy. It is shown that that for beams subjected to a uniformly distributed transverse load the buckling wave coupling in distortional buckling modes caused due to compressive stress gradient is very important, particularly for long beams. The effect of shear stress on the critical stress of distortional buckling exists but only in short beams. For beams longer than 3 m the shear stress effect can generally be ignored.
Introduction
Thin-walled, cold-formed steel (CFS) sections have been widely used as the intermediate structural members in buildings for farming and industrial use. These sections, when subjected to compression and/or bending, may exhibit local, distortional, and lateral-torsional buckling. The types of local, distortional, and lateral-torsional buckling of a CFS member can be distinguished by the shapes and half wavelengths of their buckling modes [1] . In general, the local buckling is a plate-like buckling of the compressed element in the section and has a relatively short half wavelength with the order of magnitude of the compressed element. The distortional buckling is similar to the local buckling of a stiffening element in a stiffened plate-like structure. For CFS channel-and zed-sections, this is usually represented by the rotation and translation of the compressed flange/lip about the web/flange junction. The half wavelength of the distortional buckling mode is generally several times greater than the largest characteristic dimension of the section. The lateral-torsional buckling of a CFS member may occur in two different ways. One is in the beams in which the tension flange is partially or fully restrained in its lateral direction; the other is in the beams in which there is no lateral or rotational restraint. The former is characterized by the translation and rotation of the free flange, which is in compression, with a distortion in the web; whereas the latter is considered to involve general lateral deflection and twist along the longitudinal direction of the member without any change in the cross-sectional shape. The half wavelength of the lateral-torsional buckling mode of a CFS member is similar to the beam length.
Unlike the local and lateral-torsional buckling of CFS members for which the critical loads can be calculated using the classical theories of plates and beams, the distortional buckling is a new type of buckling and it occurs mainly in CFS sections. The critical stress of the distortional buckling of a CFS member is dependent on not only the dimensions of the section but also the type of the applied load. Since Hancock's pioneered work [1] published in 1978, several approaches have been developed for determining the elastic critical stress of distortional buckling of CFS members. These include the analytical approaches, developed by Lau and Hancock [2] for CFS columns subjected to axial compression, Hancock [3] , Li and Chen [4] for CFS beams subjected to bending, recommended in Eurocode 3 [5] for CFS members subjected to compression and/or bending. In addition to the analytical models mentioned herein, numerical methods such as finite strip method [2, [6] [7] [8] [9] [10] [11] , finite element method [12] [13] [14] , generalized beam theory (GBT) [15] [16] [17] [18] , neural network [19] [20] [21] ) and experimental method [22] [23] [24] have also been used to analyse the distortional buckling of CFS columns and/or beams.
Note that in most methods mentioned above, the critical stress of distortional buckling is calculated only for members subjected to pure compression and/or pure bending. For CFS beams, however, the most common load is the distributed transverse load for which the prebuckling stress in the beam varies not only within the cross-section, but also with the longitudinal axis of the beam. In literature, the variation of the pre-buckling stresses along the beam axis is often referred to as the moment gradient or stress gradient in order to distinguish it from the pure compression and/or pure bending that have no stress gradient along the longitudinal axis of the beam. A few of researchers have discussed the effect of stress gradient on the distortional buckling of CFS beams. For example, Chu et al. [7, 25] investigated the influence of stress gradient on the elastic distortional buckling stress of CFS channel-and zed-section beams using a semi-analytical method. Jiang and Davies [26] discussed the distortional buckling of restrained purlins under both downward and uplift loads using generalized beam theory. Chen and Li [27] proposed an analytical model by which the influence of stress gradient on the critical stress of distortional buckling was evaluated. Note that when there is a moment gradient in a beam, the pre-buckling stresses in the beam involve not only the axial tensile and compressive stresses but also the shear stresses. In literature, how the shear stress affects the critical stress of distortional buckling of a beam subjected to a uniformly distributed transverse load has not been discussed. In this paper, the influence of shear stress on the distortional buckling of CFS beams is investigated. The analysis is performed by using the distortional buckling models proposed by Hancock [3] , and Li and Chen [4] . The CFS sections investigated include channel-and zed-sections, which are the two most common types currently used in building constructions. 
Overview of distortional buckling model
where E is the Young's modulus, I y and I z are the second moments of area of the flange/lip system about y-and z-axes, I yz is the product moment of area of the flange/lip system, I w is the warping constant, G is the shear modulus, J is the torsion constant, k y and k z are the stiffnesses of the horizontal and vertical springs, and l is the beam length. The three integrations in Eq.(1) represents the strain energies of bending and twisting of the compressed flange/lip system, and the strain energy of the two springs, respectively. The pre-buckling stresses of a channel-or a zed-section beam in the compressed flange/lip system involve both bending stress and shear stress (see Figure 2 ). Note that, for most channel-and zed-section beams the lip length, c, is much smaller than the section depth, h, and therefore the variation of bending stress in the lip can be ignored. The vertical displacement of the flange at a coordinate point  and the horizontal displacement of the lip at a coordinate point  can be expressed as  and v-, respectively, which are needed for calculating the work done by the shear stresses, where  and  are the local coordinates defined in the flange and lip as indicated in Figure 2 . The work done by the pre-buckling compressive and shear stresses in the flange/lip system thus can be calculated as follows,
where A = (b+c)t is the cross-sectional area of the flange/lip system, r c is the polar radius of gyration of the flange/lip system with respect to its centroid,  b is the pre-buckling bending stress in the flange and lip,  flange and  lip are the pre-buckling shear stresses in the flange and lip, respectively, which, according to the bending theory of Bernoulli-Euler beams, can be expressed as follows,
where  cr is the critical stress, V is the shear force, and I zz is the second moment of area of the channel-or zed-section beam about zz-axis. For the case where the beam is subjected to a uniformly distributed load, the shear force can be expressed as follows,
where q cr is the critical density of the uniformly distributed load. Substituting Eqs.(3)-(6) into (2), it yields, (7) where the first integration in Eq. (7) represents the work done by the axially compressive stress, whereas the second and third integrations represent the work done by the shear stresses, which represent the effect of shear stresses. The elastic critical stress  cr can be determined by using the following work-energy principle
By assuming the displacement functions v(x) and (x), one can solve the eigen-value of Eq. (8) and thus obtain the critical stress  cr . Note that, in general, v(x) is much smaller than c(x), and thus can normally be ignored in the calculation [3, 4] . For the simply supported beam, the rotation of the flange and lip system when it buckles can be assumed as Substituting Eq. (9) and v(x) = 0 into (1) and (7) and noting that for any continuous function 
where the double series in the brackets in Eq.(12) contains only the terms, in which the sum (m+n) is an even number and m is not equal to n (see Page 109 in [28] ). The two terms in Eq.(12) represents the work done by the axially compressive stress and shear stress, respectively. Substituting (11) and (12) 
where  cro is the critical stress of distortional buckling of the beam subjected to pure bending (i.e. there is no stress gradient in the pre-buckling stress) derived by Hancock [3] ,  cr = l/n is the half wavelength of distortional buckling mode, and k sh is a dimensionless factor, representing the effect of shear stresses in the flange and lip on distortional buckling. [27] . An examination of the shear effect factor for the sections with various different sizes produced by Albion Sections Ltd (see Table 1 ) indicates that k sh is nearly equal to 3 (see Figure 3 ).
Also, it is noted that for most channel-and zed-sections,  cr is about in the order of 500 mm [3] [4] [5] [6] 27] . Thus, the largest value of n to be taken in Eq. (16) 1000 mm and 1500 mm) are also carried out using ANSYS software. The reason for selecting such a section size and such short beam lengths is to make sure the smaller critical stresses obtained from the finite element analysis include the distortional buckling mode [29] . The beam analysed is assumed to be simply supported at its two ends and subjected to a uniformly distributed transverse loads q cr applied at the shear centre. In the finite element analyses the beam is modelled using 4-node thin shell elements. The simply supported boundary difference between the two methods is 11.8%, which occurs in the beam with the length of 500 mm, which seems to be reasonable as the pre-buckling stress in the short beam does not follow the distribution described by the classical bending theory of Bernoulli-Euler beams.
Conclusions
This paper has presented an analytical investigation into the effect of shear stresses on the distortional buckling of simply supported CFS channel-and zed-section beams when they are subjected to uniformly distributed transverse loading. The study has been performed by using the distortional buckling models proposed by Hancock [3] , Li and Chen [4] and Chen and Li 27] . From the present study the following conclusions can be drawn:
 The moment gradient in beams subjected to uniformly distributed transverse loading involves the axial compressive/tensile stress gradient and shear stress gradient.
However, these two stress gradients have different effects on the distortional buckling of CFS zed-and channel-section beams.
 The axial compressive/tensile stress gradient can significantly alter the distortional buckling mode of the beam. It makes different wave terms be coupled, particularly for long beams. Ignoring the wave coupling could significantly lead to an over-prediction of the critical stress.
 The shear stress gradient does not lead the wave coupling of the buckling modes.
However, it can significantly reduce the critical stress of distortional buckling of short beams. For shallow-and medium-section beams longer than 2 m and for deep-and large deep-section beams longer than 4 m, the shear effect can generally be ignored.
 With the increase of the beam length, the critical stress of distortional buckling tends to its lower limit, which represents the critical stress of distortional buckling of the beam under pure bending. 3 C40120  400  100  30  2.0  C40123  400  100  30  2.3  C40125  400  100  30  2.5  C40130  400  100  30  3.0  C40132  400  100  30  3.2 
